A fundamental problem in the theory of operation of field emission liquid metal ion sources (LMIS) is to predict the allowed static and dynamic (equilibrium) configuration(~) of the liquid emitter subject to strong electric fields. It has generally been assumed that, based on the work of Taylor / I / , the static equilibrium shape of the conducting fluid just prior to or at the onset of instability is a cone of specified angle. However, it has never been proven theoretically or unequivocally demonstrated experimentallyt that the idealized conical shape is the only, or even t~t is illuminating to review some of Taylor's own thoughts which seem relevant to this point. In an equally important but less quoted paper published in 1969 / 2 / , Taylor did the following experiment. He applied an electric field normal to a fluid in a capillary tube and determined the potential necessary for the onset of instability. The meniscus was kept in an approximately constant hemispherical shape by varying the (gravitational) pressure as the field, E, is increased. The force equation for equilibrium of the meniscus is Fsurface tension + Fgravity ' Felectrical -Fhydrostatic pressure ' 0 .
More explicity
Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1986213 C2-88 JOURNAL DE PHYSIQUE rigorously correct, allowed geometry for an electrostatically stressed conducting fluid. Nevertheless much experimental /3/ and theoretical /4-6/ progress has been made on elucidating the shape of the emitting region of an LMIS. In particular the TEM images by Sudraud and co-workers /7/ have provided the first reliable evidence of the profiles of LMIS at low emission currents. Theoretical models have been developed using the ideal Taylor conical geometry / 6 / , or some simplified variant of it /4-6,8/ to explain certain static and dynamic features of the device. Almost always, however, pressure effects have not been included in these models.
However, there are other operating characteristics of an LMIS, whose specifications require a more accurate description of the geometric features of the emitting region than current theories can now predict. Probably the most important physical parameter which requires quantitative accuracy is the electric field at the apex of the device. This is, for example, crucial to i) a correct theory of the ion formation mechanism /4,8/ ii) virtual source size calculations /9,10/.
In addition, the electrohydrodynamics of conducting droplets and fluids has many diverse applications /11,12/, of which the field emission LMIS is only one. For many, of these applications, a rigorous and accurate treatment of equilibrium and dynamic properties, including the shape of the stressed fluid body, is important. In this paper we have derived a partial differential equation that can be solved explicitly for the equilibrium shape of an electrostatically stressed fluid subject to gravitational and hydrostatic pressure effects. To numerically solve for the sequence of deformed surfaces as a function of the applied electric field, we have used the results of the capillary wave model as an initial configuration and an iterative procedure due to Melcher /13/ to solve Laplace's equation for an arbitrary shape of the fluid interface. The preliminary numerical results demonstrate the importance of including pressure to obtain stable equlilibrium configurations before the onset of instabilities.
In Section I1 we review briefly the treatment of pressure in previous models. The partial differential equation is derived in Section 111. Our initial results and conclusions are given in Section IV.
-TREATMENT OF PRESSURE IN PREVIOUS THEORIES
In this section we shall review the treatment of pressure in the Taylor theory /1,2/ and the variational formulation for the equilibrium shape of a stressed conducting fluid developed by the authors /14/.
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H where W is the weight of the fluid in the droplet, R the radius of the meniscu? and pH the hydrostatic pressure. Taylor concluded "That in all cases where the meniscus was initially hemispherical, the value of pH at breakdown is small compared with its initial value..."
Although he never provides any numerical estimates, it is possible to show from the published data that at breakdown
Taylor further asserts, "...that when p = 0 (i.e., near or at onset of instability) the meniscus is nearly conical with a semi-vertical angle close to the only possible eauilibrium value of 49.3' (Taylor, 1964) and it will be noticed that the surface remains nearly conical at the outer edge of the tube, though this cannot be an accurate result derivable from theory."
(Underlining is ours.)
The significance of this last statement is that to obtain a true (Taylor) cone, you must have a straight line generator for the cone at the appropriate angle of 49.3", otherwise a surface results with either convex or concave curvature. That is, Taylor assumed that, near or at onset or instability, the hydrostatic pressure is negligible--or even exactly zero. This latter result is never proven. An analysis of the 1969 paper, /2/, suggests that Taylor used the simplifying assumption of a "smalln pressure at breakdown to be identically zero. However, our results indicate that even small values of ApH can be significant in determining the deformation of fluids at higher valves of the electric field. It has been suggested, in justification of the Taylor model that, "... pressure is not a quantity which one derives but is an experimental parameter. In principle, however, one can chose to consider the caser where pl = p2 (i.e., ApH = 0); there is no intrinsic reason why pi and p2 must differ in the case of an electrically charged surface." /15/, or "... the reason Taylor set ApH = 0 is simply he was looking for solutions fulfilling this condition.."/l6/. With respect to the latter comment we have already indicated above the possible significance of small absolute values of ApH.
In response to the former, we note that the hydrostatic pressure difference is one of the intrinsic (intermolecular) forces that determine the mechanical stability of a fluid subject to capillary, gravitational, electrical or other external force fields. For equilibrium the forces on the fluid must satisfy
Obviously ApH is not an independent quantity and it cannot be arbitrarily set equal to zero or any other value. Furthermore, in experiments observing stressed fluid shapes, one can control the applied voltage, the gravitational pressure, the surface tension and other external forces; however, for a fluid surface with non-zero curvature, it is not possible, in general, to experimentally make ApH = 0.
We have previously used the principle of energy minimization to derive an equilibrium--or stress balance--condition for a conducting fluid in an electric field /14,17/.
The resulting set of coupled Euler-Lagrange equations include a Lagrangian multiplier h. In the past we were not able to provide a convincing physical interpretation of A, except to say that it was identified with the gravitational and hydrostatic pressure. We have now shown explicity that 1 = Ap where Ap is the total pressure acting on the fluid /la/. The analysis uses minimization of the energy of an electrostatically stressed conducting fluid, with a constant but arbitrary volume, to derive the generalized stress condition where notation is standard. Comparison with the Laplace stress condition immediately yields the equality of A and Ap. The identical result were obtained by a Russian JOURNAL DE PHYSIQUE group /19/ who investigated the mechanical stability of a static axi-symmetric liquid meniscus in a non-zero gravitational field. Using a variational formalism, with the constraint that the volume is constant, they find that the Lagrangian multiplier in their Euler-Lagrange equations for determining the shape of the fluid has the physical interpretation of hydrostatic pressure in the meniscus. These results should dispel any lingering doubts about the validity of using the variational formalism, or the use of the resulting set of Euler-Lagrange equations (EL) to determine the equilibrium shape of a stressed fluid /14c/.
The EL equations can, in principle, be used to determine the equilibrium shape: One could solve analytically or numerically the set of coupled equations. The former method appears unrealistic because of the sheer complexity of the mathematical equations /14/.
R numerical solution is feasible, but neither the parameter (i.e., the pressure) nor the electric field for arbitrary shape is known. A second method of solution is to use some model or empirical shape and determine whether the equations are satisfied. We have used this approach with the experimental observation of a cuspidal shape at low initial emission /20/.
It was assumed that this might be the precursor shape just prior to the onset of instability /3/.
It was not possible to establish that the cuspidalmodel satisfied the EL equations; it was suggested that the difficulty might be the singular point in the ideal cusp geometry.
The inability, within this formalism--or others /1,2/--to include explicitly the pressure prompted the derivation of a new equation which accounts for gravitational and trydrostatic pressure effects. Since these contributions can now be computed for arbitrary deformation of the fluid, the EL equations may also be more amenable to solution by the second method described above.
-DERIVATION
Since the detailed derivation will be given elsewhere /21/, only a brief description of it and the iterative procedure for solving Laplace's equation will be presented here.
Consider a conducting fluid of constant volume which rests on the upper surface of a cylindrical electrode with radius a (see Fig. 1 ). We assume, for simplicity, that the initial shape is an ellipsoid of revolution. As the field is increased, the surface of the fluid deforms; additional assumption of the model are 
where ( z , P i are cylindrical coordinates.
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ii) The equilibrium shape of the conducting fluid is It can be shown /22/ that (1/R1 + I n 2 ) can be expressed in terms of C(P): dC where< = -dp . If we multiple by 2np dp, integrate and use the conservation of consistent with the compression of the lateral RHO dimension of the fluid shape. Fig. 2 . Evolution of the fluid shape as a function of applied field. All profiles except that
We have not, in these preliminary calculadenoted by '0' represent contions, been able to locate the precise value vergence solutions of Eq. ( 5 ) .
of field, or shape, at which ApH should be zero Surfaces 1 and 2 are nearly nor do we know if this shape corresponds to an coincident. equilibrium state, or even if it is stable.
Finally, at the highest fields applied, the profiles become concave and even exhibit minima at the base corresponding to a depletion of fluid. This latter effect is an artifact of the constraint that the volume be constant. In most experimental observations of the equilibrium shape in fluids in electric fields /1,2/ or LMIS /23/, the curvature at or near the base of the fluid is convex. This suggests that fluid flow probably occurs even before onset of instability. However, we have not yet been able to assess the need of a hydrodynamic description for processes occurring at the apex region prior to or at the onset of instability (i.e., oscillations, jetting and/or neutral and charged particle emission).
In summary, we have derived a new partial differential equation, that includes the pressure explicitly, for determining the equilibrium profile of a conducting fluid in an electric field /24/.
Preliminary results sugqest the following conclusions:
i) The inclusion of ApH leads to stable solutions for the shape of the fluid meniscus. ii) It is not possible, in general, to obtain stable surf aces with APH = 0 . iii) For the case of constant volume a solution with ApH = 0 may exist but only for a special shape of the meniscus and value of the field. iv) It is feasible to perform a rigorous numerical analysis of the evolution of the surface of a stressed conducting fluid from low fields to the onset of instabilities. This may be interpreted as a theoretical analog of, for example, experiment TEM observations of an M I S /3/.
